Abstract. This paper is concerned with norm retrievable frames in R n . Some equivalent conditions for the norm retrievable property in R n are presented. It is also shown that the property of norm retrievability is stable under small enough perturbations of the frame set only for phase retrievable frames.
1. Introduction. The concept of frames in a Hilbert space was originally introduced by Duffin and Schaeffer in the context of non-harmonic Fourier series [11] . Frames are redundant sets of vectors in a Hilbert space, which yield one natural representation of each vector in the space, but may have infinitely many different representations for any given vector. It is this redundancy that makes frames useful in applications. In signal processing, this concept has become very useful in analyzing the completeness and stability of linear discrete signal representations. From the last decade, various generalizations of the frames have been proposed such as frame of subspaces, pseudo-frames, oblique frames, continuous frames, fusion frames, g-frames and so on. The concept of equal norm Parseval frames on finite dimensional Hilbert spaces was first introduced by Casazza and Leonhard in [8] and it has been developed very fast over the last ten years, especially in the context of wavelets and Gabor systems.
The constant A is called a lower frame bound and B is called an upper frame bound. 
. For more information concerning frames refer to [7, 10, 13, 15] .
Signal reconstruction by frames has been an important and interesting problem in physics and engineering. Some classes of tight frames for a Hilbert space which allow signal reconstruction from the absolute value of the frame coefficients were constructed in [4] . As a consequence, signal reconstruction can be done without using phase. The process of reconstruction a signal without the use of phase is known as phase retrieval. When we say that {f k } m k=1 is a phase retrievable frame for H n , it means that any vector in H n can be reconstructed up to a constant phase factor from the modulus of its frame coefficients. Phase retrievable frames have important applications in X-ray crystallography, electron microscopy, speech recognition and many other areas [5, 6, 12, 14] .
The concept of norm retrievable frame is introduced in [1] . The authors showed that this is what is necessary for passing phase retrieval to complements. They also obtained the relationship between phase retrievable frames and norm retrievable frames.
In this article, we present some important properties of norm retrievable frames in R n . We obtain equivalent conditions to norm retrievable frames in R n . Also we study the stability of norm retrievable and phase retrievable frames under small perturbation of the frame set.
2. Main results. Phase retrievable frames have many applications in physics and engineering. The mathematical study of phase retrievable frames was started in 2006 in a landmark paper of Balan, Casazza and Edidin [4] . Also in [9] , the authors highlighted recently the major advances in phase retrievable frames.
. . , m, it holds that f = cg for some c ∈ {−1, 1} ( c ∈ {z ∈ C : |z| = 1}).
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They showed that a frame F = {f k } m k=1 is phase retrievable frame if and only if
is norm retrievable frame for every invertible operator T .
In this section, we will concentrate on norm retrievable frames in R n . In the next theorem, using the span of the frame elements we give a characterization of norm retrievable frames in R n . The related theorem for phase retrievable frames can be found in [4, Theorem 2.8].
is norm retrievable frame if and only if for any partition
. Now by assumption, we have
and hence, f = g . Note in the case that I 1 = ∅ or I 2 = ∅, we have f = ∓g and hence f = g .
Conversely, let F = {f k } m k=1 ⊂ R n be norm retrievable frame and let {I j } 2 j=1
be a partition of [m] . Now for any f ∈ Span{f k } ⊥ k∈I1 and g ∈ Span{f k } ⊥ k∈I2 we have f, f k = 0 for all k ∈ I 1 and g, f k = 0 for all k ∈ I 2 . Thus,
, and hence, f + g = f − g by the norm retrievability of {f k } m k=1 . Thus,
This implies that f, g = 0, and hence,
Two equivalent conditions for norm retrievable frames are given in the next theorem. The related theorem for phase retrievable frames can be found in [3, Theorem (1) {f k } m k=1 is a norm retrievable frame.
(3) For all nonzero real numbers ǫ = 0, there is a positive real number C 0 > 0 so that for all f, g ∈ R n , we have
, where
is not a norm retrievable frame by Theorem 2.3.
(2) ⇒ (3), Let ǫ = 0 be given. The map F ǫ defined by
where N is the compact set N := {f ∈ R n : f = 1}. Now C 0 > 0 by (2) . Thus, for all nonzero vectors f, g ∈ R n , we have
If either f = 0 or g = 0, then 2.1 holds true.
is not a norm retrievable frame, then there exist partition
such that f, g = 0. Now for nonzero real number ǫ := f,g f g we have R ǫ (f, g) = 0. Thus, C 0 = 0 by 2.1 and this is a contradiction.
The stability of the phase retrieval property under perturbations of the frame set is given in the next theorem. This result was proved in [2] for the complex case.
is a phase retrievable frame for R n , then there exists a λ > 0 such that any set {f
Proof. Since {f k } m k=1 is a phase retrievable frame for R n , there is a constant satisfying max 1≤k≤m f k − f ′ k < λ is also a phase retrievable frame for R n . It is known that each frame set is stable under small perturbations by [10, Corollary 15.1.5] . However for all f ∈ R n we have
